The influence on modal parameters of thin cylindrical shell (TCS) under bolt looseness boundary is investigated. Firstly, bolt looseness boundary of the shell is divided into two types, that is, different bolt looseness numbers and different bolt looseness levels, and natural frequencies and mode shapes are calculated by finite element method to roughly master vibration characteristics of TCS under these conditions. Then, the following measurements and identification techniques are used to get precise frequency, damping, and shape results; for example, noncontact laser Doppler vibrometer and vibration shaker with excitation level being precisely controlled are used in the test system; "preexperiment" is adopted to determine the required tightening torque and verify fixed constraint boundary; the small-segment FFT processing technique is employed to accurately measure nature frequency and laser rotating scanning technique is used to get shape results with high efficiency. Finally, based on the measured results obtained by the above techniques, the influence on modal parameters of TCS under two types of bolt looseness boundaries is analyzed and discussed. It can be found that bolt looseness boundary can significantly affect frequency and damping results which might be caused by changes of nonlinear stiffness and damping and in bolt looseness positions.
Introduction
Thin cylindrical shell (TCS) has long been an important structural component due to its high stiffness to weight and strength to weight ratios, which is widely used in the engineering fields, such as aircraft casings, pipes and ducts, rotary drums in granulator, and aircraft engine [1] [2] [3] [4] [5] . Modal parameters of TCS are mainly composed of natural frequencies, mode shapes, and damping ratio; these parameters are the basis of further study on vibration characteristics of TCS [6] [7] [8] , which are of great importance to theoretical modeling, response prediction, vibration reduction optimization, vibration mechanism research, structural damage identification, and so forth. Generally, TCS is working at a very harsh environment, such as thermal expansion and contraction, strong vibration, and uneven exciting force generated by turbulent air flow, which may easily make TCS operate under elasticity or looseness boundary [9] . Besides, due to different installation forms, the connected or constraint end of TCS may not be well fixed [10] . For example, if TCS is connected or constrained by many bolts, its constraint effectiveness will inevitably be weakened under complex external load [11, 12] , especially when a bolt or some bolts come loose; the looseness condition will not only decrease constraint strength but also increase interface abrasion and the probability of fatigue failure, and, once the bolt fracture happens, it will severely affect the function of TCS and could even lead to serious accident [13] .
At present great efforts have been made to study vibration character of TCS under complex and diverse boundary condition by scholars and researchers, for example, bolt looseness, elasticity, and other complex boundary conditions, and many encouraging research results have been obtained. For example, Forsberg [14] studied the influence of boundary conditions on the modal characteristics of thin cylindrical shells. Totally 16 possible sets of homogeneous boundary conditions were specified independently at each end of the shell, and these sets of conditions were discussed in detail. It has been found that even for long cylinders (length to radius ratio of 40 or more) the minimum natural frequency may 2 Shock and Vibration differ by more than 50% depending upon whether = 0 or the longitudinal stress resultant = 0 at both ends. Koga [15] studied the effects of boundary conditions on the free vibrations of TCS and a simple formula for the natural frequency was derived as an asymptotic solution for the eigenvalue problems of the breathing vibrations, whose accuracy was sequentially examined by a comparison with numerical solutions and experimental results. The results showed that the formula was accurate enough for engineering and it was applicable under any possible combinations of the boundary conditions for the simply supported, the clamped, and the free ends of the shell. Sofiyev et al. [16] proposed an analytical procedure to study the free vibration characteristics of laminated thin circular cylindrical shells resting on elastic foundation. They found that natural frequency was as a function of the shell displacement amplitude, and it was also close related to the effect of elastic foundation, nonlinearity, and number and ordering of layers of the shell. Liang and Zhang [17] studied stiffness optimization of TCS under elasticity boundary condition. The explicit formula of initial parameter solution of variable thickness shell was derived by transfer matrix method, and the optimization process was transformed into a constraint nonlinear solving process; thus the objective function can be successfully obtained by the stepped reduction method. Dong et al. [18] investigated the influences of bolt looseness in missile clamping support on vibration characteristics of the cylindrical shell structure by base excitation technique. Different steady response signals were obtained by varying bolt pretightening force of the attachment bolts in the structure, and power spectrum density diagrams of signals corresponding to different status of the structure were analyzed and an extraction method of the spectral moment looseness was proposed to distinguish fault characteristics of bolt looseness. Dong et al. [19] also experimentally studied how to monitor the attachment bolt looseness in a clamped cylindrical shell structure, and wavelet transform was used to analyze damage characteristic of bolt looseness based on the structural acceleration response data. Zhou et al. [20] used the wave propagation method to solve the equations of motion of TCS under elastic-support boundary condition, and the elastic-support boundary condition was specified in terms of 8 independent sets of distributed springs which have arbitrary stiffness values. Besides, the effects on nature frequencies of the restraining springs were also studied for a range of stiffness values and different geometrical characteristics of the shells, and it was found that the restraining stiffness can drastically affect frequency parameters of TCS. Sun [21] used transfer matrix method to study the free vibration of TCS under elasticity boundary condition, taking into account elastic connection stiffness, and the transfer matrix of global variables of TCS under elasticity boundary condition was obtained by multiplying transfer matrix of state variables in the connection boundary with the one of the shell itself.
However, most of researches done by the above scholars and researchers are mainly based on theory or simulation; experimental studies on the influence on modal parameters of TCS under bolt looseness boundary (BLB) are still scarce. And as a lack of the related test conclusion, theoretical analysis results of the shell under more complex boundary condition can not be effectively verified, let alone validate some advanced shell theories.
This research combined theory with experiment to investigate the influence on modal parameters of TCS under BLB. Firstly, bolt looseness boundary of the shell is divided into two types, that is, different bolt looseness numbers and different bolt looseness levels, and natural frequencies and mode shapes of TCS under these conditions are calculated by finite element method (FEM) in Section 2; thus vibration characteristics of TCS under the above two types of bolt looseness boundaries can be roughly mastered. Then we go on to set up experiment system to accurately measure modal parameters of TCS, and the corresponding test procedures and identification techniques which are suitable for the thin walled shell are also proposed in Section 3. Finally in Section 4, based on the accurate measured data, the influence on natural frequencies, mode shapes, and damping ratios of TCS under two types of bolt looseness boundaries is analyzed and discussed in details. This research can provide dynamic modeling service for TCS under complex boundary condition, provide experimental data for effective selection of boundary parameters in the theoretical model, and also provide an important reference for analysis and diagnosis of bolt looseness fault of TCS.
Vibration Characteristic Analysis of TCS under Bolt Looseness Boundary
In this section, in order to deeply understand vibration characteristic of TCS, FEM is used to calculate vibration characteristic of TCS, such as natural frequencies and mode shapes, under two types of bolt looseness boundaries with different looseness numbers and different looseness levels, respectively. Although the resulting frequencies and shapes may inevitably contain some calculation errors, they are helpful for us to determine measured frequency range, build experimental model, understand geographic distributions of some nodes or nodal lines, and so forth.
Research Object.
The TCS studied in this paper is shown in Figure 1 and dimension parameters are listed in Table 1 . The material of TCS is structural steel with elastic modulus of 212 Gpa, Poisson's ratio of 0.3, and the density of 7850 kg/m 3 . Its length is 95 mm with 144 mm external radius and an average thickness of 2 mm. There is the extension edge with 150 mm external radius and 3 mm thickness on this shell which is machined to be clamped by a clamping-ring with eight M8 bolts, so that it can be certain that the shell is in cantilever boundary condition. Then, we can loosen some or all of bolts with certain tightening torque by torque wrench, so that we can analyze vibration characteristic of TCS under bolt looseness boundary. ANSYS software, as seen in Figure 2 . SOLID186 element is used to create the model of the shell which consists of 6480 nodes and 960 elements, and MATRIX27 element is used as spring element to simulate bolt looseness boundary with different looseness numbers, whose stiffness can be adjusted in the , , and direction. Firstly, use 8 spring elements with stiffness value of 1 × 10 8 in the above three directions to simulate the free-clamped boundary condition, and the resulting natural frequencies and mode shapes are obtained by Block Lanczos method, as listed in Tables 2  and 3 , respectively. Then, use different numbers of spring elements to simulate different bolt looseness numbers and calculate the corresponding frequencies and shape results, according to the sequence of loosening 1 bolt, 2 bolts, 3 bolts, and 4 bolts, from sequence I to sequence IV as shown in Figure 3 , and the calculated results are given in Table 2  and Table 3 . Additionally, the frequencies differences under the constraint boundary (or no loose boundary) and bolt looseness boundary with different looseness numbers are also compared in Table 2 , and Figure 4 gives the relations between natural frequency and mode shape under BLB with different looseness numbers. It should be noted that, due to the specificity of the first mode shape, it is difficult to use traditional number of axial half-waves, , and circumferential waves, , to describe its vibration shape; thus the first special frequency and shape result are not compared under BLB in Table 2 (the calculated results are only for roughly understanding vibration characteristic of TCS when the constraint bolts are loose; they inevitably contain some calculation errors because constraint stiffness and damp parameters in bolt looseness positions are hard to simulate without experimental test, and they are not the focus of this paper).
Vibration Characteristic Analysis of TCS under BLB with
It can be found from the above analysis results in Tables  2 and 3 and Figure 4 that (I) bolt looseness will result in the decrease of natural frequencies of TCS, and with the increasing of bolt looseness numbers the frequency results will further decrease; (II) high order natural frequencies of Table 3 : Mode shapes of TCS under BLB with different looseness numbers.
Modal order
No looseness ( , ) the shell, for example, the 8th natural frequency, basically will not be affected by BLB with different looseness numbers, and the frequency difference related to the BLB and no loose condition is less than 0.8%; (III) with the increase of bolt looseness number, low order mode shapes of TCS will be changed, but high order mode shapes will still be unchanged; (IV) although frequencies and shapes of TCS will be changed under BLB, the changing trend of natural frequencies with mode shapes is constant when the number of axial half-waves = 1, which shows that frequency values are up after the decline with the increase of the number of circumferential waves , and usually frequency values related to > 8 are higher than = 2∼7. 
Vibration Characteristic Analysis of TCS under BLB with
Different Looseness Levels. Similarly, SOLID186 element is used to create the model of the shell which consists of 6480 nodes and 960 elements, and MATRIX27 element is used as spring element to simulate bolt looseness boundary with different looseness levels; for example, set the stiffness value of Matrix27 element in , , and direction to 0.75 × 10 8 , 0.25×10 8 , and 0.25×10 7 , respectively (namely, 25% looseness, 75% looseness, and 97.5% looseness), as seen in Figure 5 . 
Modal Order
No looseness
Firstly, use 8 spring elements with stiffness value of 1 × 10 8 in above three directions to simulate the free-clamped boundary condition, and the resulting natural frequencies and mode shapes are obtained by Block Lanczos method, as listed in Tables 4 and 5 . Then, use 0.75 × 10 8 , 0.25 × 10 8 , and 0.25 × 10 7 of 8 spring elements to simulate different bolt looseness levels, according to the sequence of 25% looseness, 75% looseness, and 97.5% looseness to calculate the corresponding frequencies and shape results, from sequence I to sequence III as shown in Figure 5 , which are also given in Tables 4 and 5 . Additionally, the frequencies differences under the constraint boundary (or no loose boundary) and bolt looseness boundary with different looseness levels are also compared in Table 4 , and Figure 6 gives the relations between natural frequency and mode shape under BLB with different looseness levels.
It can be found from the above analysis results in Tables  4 and 5 and Figure 6 that (I) bolt looseness will result in the decrease of natural frequencies of TCS, and with the increasing of bolt looseness levels the frequency results will further decrease; (II) high order natural frequencies of the shell, for example, the 8th natural frequency, basically will not be affected by BLB with different looseness levels, and the frequency difference related to the BLB and no loose condition is less than 0.4%; (III) with the increase of bolt looseness levels, low order mode shapes of TCS will be changed, but high order mode shapes will still be unchanged; (IV) although frequencies and shapes of TCS will be changed under BLB, the changing trend of natural frequencies with mode shapes is constant when the number of axial half-waves = 1, which shows that frequency values are up after the decline with the increase of the number of circumferential waves , and usually frequency values related to > 8 are higher than = 2∼7.
Test System and Method of Modal Parameters of TCS under Bolt Looseness Boundary
In Section 2, vibration characteristic of TCS under BLB and its influence is analyzed. But due to the complexity of bolt looseness boundary, the real influence of such boundary on modal parameters, especially the damping characteristics of the shell can not be accurately analyzed by simulation method. Therefore, it is necessary to employ experimental test to investigate on the influence on modal parameters of bolt constrained shell under different looseness boundaries. In this section, experiment system is firstly established to accurately measure modal parameters of the shell, and the corresponding test procedures and identification techniques which are suitable for the thin walled shell are also proposed.
Test System of Modal Parameters of TCS under Bolt
Looseness Boundary. On the one hand, due to light weight, closed modes, low level, and complicated local vibration of TCS, traditional accelerometer will bring added mass and stiffness to the tested shell [22] , which will severely affect the tested frequency and damping results, so laser Doppler vibrometer is used as noncontact response sensor to measure the vibration and frequency information of the shell. On the other hand, different excitation techniques also will result in test error, so the disadvantages of four common vibration excitation devices are compared in Table 6 ; combining the proposed test method in [23] , vibration shaker is finally chosen as excitation source with excitation level being precisely controlled, and test system of modal parameters of TCS under bolt looseness boundary is given in Figure 7 . natural frequency can be precisely determined through each resonant peak in frequency domain, and damping ratio can also be identified by the half-power bandwidth method which is calculated by measuring the bandwidth of the frequency curve (or approximately 3 dB) down from the resonant peak. For mode shape test, laser rotating scanning technique is used to get shape results of TCS. Firstly, employ one of natural frequencies of TCS to drive the tested shell under the resonance state by vibration shaker, and then DC power supply is used to provide stable voltage and current for DC geared motor, and the motor is to drive the 45 ∘ rotation mirror to complete a set of cross-sectional scan with 360
∘ circumferential coverage for the tested shell, and in this way mode shapes data at certain mode can be obtained in a shorter amount of time than traditional test methods.
Test Method of Modal Parameters of TCS under Bolt
Looseness Boundary. In this section, the test procedures of modal parameters and the related identification techniques which are suitable for TCS under bolt looseness boundary are proposed, as seen in the following four key steps.
Accurately Determine Tightening Torque under Fixed
Constraint Boundary. Because modal parameters of TCS are closely related to constraint boundary, in actual test, we must ensure that one end of the tested shell is effectively clamped; to this end, a torque wrench is used to determine the level of tightening torque on the M8 bolts of clamping-ring, as seen in Figure 1 , and the "preexperiment" is adopted to determine the required tightening torque as well as verify whether or not the tested shell is under fixed constraint boundary. For instance, it should be done at least three times to test natural frequencies, and every time the same level of torque value should be applied on M8 bolts. If test results of the first 3 natural frequencies under three preexperiments are close to each other (e.g., 1∼3 Hz), we will regard this torque value as the determined tightening torque under fixed constraint boundary. If the differences between each natural frequency are big, more than 5∼20 Hz, we need to increase torque value and to repeat preexperiments several times.
Measure Modal Parameters of TCS under Fixed Constraint
Boundary. This step involves three different measurements and identification techniques. Firstly, using sine sweep excitation by vibration shaker to test natural frequencies of TCS and in order to get precise frequency results, the smallsegment FFT processing technique is employed to deal with the measured sweep signal. The time domain signal involving the 3rd natural frequency of the tested shell is shown in Figure 8 (a). If FFT processing technique is directly applied on this sweep signal, we can obtain its frequency spectrum, as seen in Figure 8(b) , and the frequency of the response peak is 1024.8 Hz. However, if the whole time of sweep signal can be divided into mall segments, and we conduct FFT on each segment of them (in this example, it is 1 s with respect to the whole time of 68 s), the resulting frequency spectrum, as seen in Figure 8(c) , is plotted through the combination of the response peak of each segment (also treated with interpolation and smoothing); the frequency value related to the peak is 1025.7 Hz, which is truly accurate result of the 3rd natural frequency. Therefore, for time-dependent sweep signal of TCS, it is necessary to use the small-segment FFT processing technique to accurately get frequency results.
Then, use the half-power bandwidth technique to identify each damping ratio of TCS from the frequency spectrum obtained by small-segment FFT processing technique. Because the resonant peak in the spectrum is already known, we can identify two half-power bandwidth points by measuring the bandwidth of the frequency curve (or approximately 3 dB) down from the resonant peak, consequently according to the damping formula to calculate the corresponding damping results based on the MATLAB program. Figure 9 gives time waveform and frequency spectrum for the third natural frequency and damping ratio of TCS at 3 measuring points, and, in order to improve accuracy of frequency and damping results, the final results are obtained by averaging the test results at these points. Finally, use each of natural frequency to excite TCS at resonance state, and gradually obtain each mode shape with obvious reduction in time costs by laser rotating scan method.
Measure Modal Parameters of TCS under BLB with Different Looseness Numbers.
After finishing the measurement work under fixed constraint boundary, use torque wrench to loosen bolts on the clamping-ring, according to the sequence of loosening 1 bolt, 2 bolts, 3 bolts, and 4 bolts to conduct modal parameter test, as seen in Figure 10 . It should be noted that the excitation level and the position of the three measuring points must be the same as the ones under fixed constraint boundary, and the same test methods, such as the small-segment FFT processing technique, the half-power Shock and Vibration bandwidth technique, and the laser rotating scan technique, are employed to get natural frequencies, mode shapes, and damping ratios of TCS under BLB with different looseness numbers.
Measure Modal Parameters of TCS under BLB with
Different Looseness Levels. In this step, firstly it is needed to restore boundary condition to the fixed state, so the same level of tightening torque which is determined by the preexperiment in the first step is again used to tighten eight M8 bolts on the clamping-ring. Then, set the torque value to 75%, 50%, and 25% of this tightening torque, according to the sequence of 25% looseness, 50% looseness, and 75% looseness to carry out experimental test. Applying the same excitation level and using the same test method, we can get the corresponding frequency, damping, and shape results of TCS under BLB with different looseness levels.
The Influence Analysis of Modal Parameters of TCS under Bolt Looseness Boundary
In this section, on the basis of both theoretical and experimental results, that is, the simulation results calculated by FEM in Section 2 and the accurate measured data obtained by the test system and test method in Section 3, the influence on natural frequencies, mode shapes, and damping ratios of TCS under two types of bolt looseness boundaries is analyzed and discussed in detail. the clamped end of the shell (restricted by the height of DC geared motor itself but do not affect the test results when the number of axial half-waves = 1). The measured frequency, damping, and shape results under BLB with different looseness numbers are listed in Tables 7, 8 , and 9, respectively. Besides, in order to clearly describe the effect degree and trend of the shell under different bolt looseness boundaries, the scattergrams of natural frequencies and damping ratios of TCS related to different bolt looseness number are also given, as shown in Figures 11 and 12 , and Figure 13 gives the relations between natural frequency and mode shape under BLB with different looseness numbers. Table 7 and Figure 11 , the following can be found. (I) For the most modes of TCS, the increase of bolt looseness number would reduce the natural frequencies of TCS, but if only 1 bolt is loosened, the decreased degree of natural frequencies of TCS is not obvious. With the increase of bolt looseness number, the decreased degree of frequency values is becoming more obvious than the ones under the fixed state. For example, the 1st and 2nd natural frequencies are decreased nearly to 10%. (II) The increase of bolt looseness number would also result in the decrease of high order of natural frequencies, but the decreased degree is very small. Taking the 7th and 8th natural frequencies for example, they only decrease to 0.4% compared with the ones under the fixed state. Therefore, it can be concluded that high order natural frequencies are basically not affected by BLB with different looseness numbers. (III) For some modes, their natural frequencies will go up when the lower looseness numbers are reached (loosening 1∼2 bolts); for example, the maximum increased degree of the 3rd and the 4th natural frequencies of TCS can increase to 9.6%. Because the corresponding shape results are not changed, the increased frequency values might be caused by the changes of nonlinear stiffness in bolt looseness positions. Table 8 and Figure 12 , the following can be found. (I) For most modes of TCS, bolt looseness would reduce the damping of TCS. For example, for different bolt looseness number, the decreased range of damping results is about 5% ∼70%, but the decreased degree of damping is not proportional to the bolt looseness number. (II) For a small part of modes of TCS, the damping results will rise with the increase of bolt looseness number, especially when the looseness number goes up to some extent, for example, loosening 3∼4 bolts; the resulting damping values related to the 4th and the 6th mode are nearly 1∼2 times larger than the ones under no loose condition, which may be largely caused by the changes of mode shape or increased interface friction in bolt looseness positions. (1, 9) (1, 9) (1, 9) (1, 9) (1, 9) Table 9 and Figure 13 , the following can be found. (I) When bolt looseness number is little, such as loosening 1 or 2 bolts, the resulting shapes of TCS can hardly be changed. (II) With the increase of bolt looseness number, low order mode shapes of TCS are varied at different levels, but for high order mode shapes, such as the 7th and the 8th shape results, they are unchanged and still the same as the ones under no loose condition. (III) The changing trend of natural frequencies with mode shapes is constant when the number of axial half-waves = 1, which shows that frequency values firstly decline and then rise with the increase of the number of circumferential waves , and usually frequency values related to > 8 are higher than = 2∼7, and this frequency-shape relation agrees well with the result calculated by FEM. Tables 10, 11 , and 12, respectively. Besides, in order to clearly describe the effect degree and trend of the shell under different bolt looseness boundaries, the scattergrams of natural frequencies and damping ratios of TCS related to different bolt looseness number are also given, as shown in Figures 14 and 15 , and Figure 16 gives the relations between natural frequency and mode shape under BLB with different looseness levels. Table 10 and Figure 14 , it can be found that: (I) For the most modes of TCS, the increase of bolt looseness level would reduce the natural frequencies of TCS, but if looseness level is small, the decreased degree of natural frequencies of TCS is not obvious. For example, the resulting natural frequencies 
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Damping ratio (%) Figure 15 : Scattergram of damping ratios of TCS under BLB with different looseness levels.
high order natural frequencies are basically not affected by BLB with different looseness levels. (IV) For some modes, their natural frequencies will go up slightly when the higher looseness level is reached (75% looseness). However, the maximum increased degree of the 5th and the 6th natural frequencies of TCS increases less than 0.5%, so basically we can ignore the effect of increased frequency values, which might be caused by the changes of nonlinear stiffness in bolt looseness positions. Table 11 and Figure 15 , it can be found that: (I) For most modes of TCS, bolt looseness would reduce the damping of TCS. For example, for different bolt looseness level, the decreased range of damping results is obvious and is within 10% ∼78%, but the decreased degree of damping is not proportional to the bolt looseness level. (II) For a small part of modes of TCS, the damping results will rise with the increase of bolt looseness level, especially when the looseness level goes up to some extent; for example, when looseness level of 75% is reached, the resulting damping values related to the 4th and the 6th mode are nearly 1.5 times larger than the ones under no loose condition, which may be caused by the changes of mode shape or increased interface friction in bolt looseness positions. Table 12 and Figure 16 , it can be found that: (I) When bolt looseness level is relatively low, for example, when it is less than 25%, the resulting shapes of TCS can hardly be changed. (II) With the increase of bolt looseness level, low order mode shapes of TCS are varied, but for the intermediate and high order mode shapes, such as the 5th, the 6th, the 7th, and the 8th shape results, they are unchanged and are still the same as the ones under no loose condition. (III) Both natural frequencies and mode shapes of TCS would be changed under different bolt looseness levels, but the changing trend of natural frequencies with mode shapes is constant when the number of axial half-waves = 1, which shows that frequency values firstly decline and then rise with the increase of the number of circumferential waves , and usually frequency values related to > 8 are higher than = 2∼7, and this frequency-shape relation agrees well with the result calculated by FEM.
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Conclusions
This research combines theory with experiment to investigate the influence on modal parameters of TCS under bolt looseness boundary. Based on the analysis and experimental results, the following conclusions can be drawn as follows.
(1) Finite element method is adopted to roughly master vibration characteristics of shell structure, and theoretical analysis results of natural frequency and mode shape provide an important reference for experimental investigation on the influence on modal parameters of bolt constrained shell under different looseness boundaries.
(2) Test system and method under bolt looseness boundary is proposed to accurately measure modal parameters of TCS, and the following measurements and identification techniques are used to get precise frequency, damping, and shape results: (I) noncontact laser Doppler vibrometer and vibration shaker with excitation level being precisely controlled are used in the test system; (II) "preexperiment" is adopted to determine the required tightening torque and verify fixed constraint boundary; (III) the small-segment FFT processing technique is employed to accurately measure nature frequency; (IV) laser rotating scanning technique is used to get shape results with high efficiency.
(3) The influence on modal parameters of TCS under different bolt looseness numbers and different bolt looseness levels is analyzed in detail. It can be found that bolt looseness boundary can significantly affect frequency and damping results which might be caused by changes of nonlinear stiffness and damping and in bolt looseness positions. However, high order natural frequencies and mode shapes are still the same as the ones under no loose condition, and the changing trend of natural frequencies with mode shapes is constant when the number of axial half-waves = 1, which agrees well with the result calculated by finite element method. Besides, bolt looseness would reduce the damping for most modes of TCS, but the decreased degree of damping is not proportional to the bolt looseness number or the bolt looseness level.
